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ON H‘(Qn+2sn+l : Fz)
THOMAS J. HUNTER

ABSTRACT. In this paper, we study H.Q"t2S"+! . Here QX denotes the

space of pointed maps S! — X, and H. represents homology modulo 2.

We show that the Eilenberg-Moore spectral sequence Tor;,‘_ Qrtignsl (F, )=
0

H*Qn+25n+1 collapses, and we identify the kernel of the Whitehead product.

map Q"+lp.: H.Qn+3§2n+1 _, H Qn+l§n  These observations yield two dif-

ferent descriptions of H.Q"+2S"+! up to extension.

1. INTRODUCTION

Let X be a reasonable pointed topological space. That is, let X be a com-
pactly generated topological space with the homotopy type of a locally finite
CW -complex, and a nondegenerate base point. Let Q*X denote the space of
pointed maps of the k-sphere into X with the compactly generated, compact-
open topology. In particular, QX is the space of all loops in X . All homology
groups will be taken to have coefficients in F,.

In certain cases, the computation of H,QkX in terms of H, X has been
carried out explicitly. In [4], F. Cohen determines H*QkSIX when k < /.
In particular we have H*QkSI is a primitively generated polynomial algebra
when 0 < k < /. (The calculation of H*QkSI for k < | was carried out
by Araki and Kudo in [1].) In the case that 0 < kK =/, we have Q's' is no
longer connected; nOQ’SI = n,SI = Z . All of the path components of Q's!
are homotopy equivalent and we shall call the component of the constant map
QéSI . It is still the case that H, Qs isa polynomial algebra, but it is no longer
primitively generated. In [4], explicit polynomial generators for H‘QgSI are
constructed along with inductive formulae for calculating the coproduct and
the actions of the Steenrod and Dyer-Lashof algebras. In [9], R. Wellington
dualizes and analyzes the formulae of [4] in order to produce a good description

of H* QGS[ as an algebra over the Steenrod algebra. See [1, 4 and 9] for details
of the descriptions of these Hopf algebras.
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406 T. J. HUNTER

If X is not at least a k-fold suspension, H*QkX can be hard to calculate.
Very little is known about H, Q"X when X is not even k-connected. In this
paper, we study H,Q"**S"*'. (This particular choice of k and [ will be
justified by a later simplification in the notation.)

The case n =0 and n =1 are both easy. Q’S' is contractable. The Hopf
map S° — §° (that is, the generator of 7z3S2 ) induces an isomorphism on =,
for i > 2, hence it induces a weak equivalence which is a map of three-fold
loop spaces Q’s® - Qs

We will consider two approaches to calculating H, Q™25 The first ap-
proach follows from thinking of Q""2S"*! as QQS“S"Jrl . This approach pro-
duces the following Eilenberg-Moore spectral sequence which arises from the
geometric cobar construction.

(1) Tor;;‘ggﬂgnn(anFz) = H*Qn+2sn+l

n+1

We shall discuss this spectral sequence in detail in §2. The second approach
arises from considering Q"28"*! as the base space in the following fibration.

n+1 n+1
(2) Qn+3S2n+l Q"*'p Qn+lSn Qtle Qn+ZSn+1

This approach produces the following Eilenberg-Moore spectral sequence which
arises from the geometric bar construction.
H. Qn+3 S2n+|

3) Tor! (H,Q"'S",F,) = HQ""s""

In §3, we will discuss this spectral sequence, and the fibration (2) in detail. In
particular, we shall show that the spectral sequence collapses at E 2 and hence
is entirely determined by the algebra map Q" + D, -

We will obtain our results by comparing these two geometrically quite dif-
ferent views of the space Q"*>S"™'. In §2, we will show that the spectral
sequence (1) provides an upper bound on the size of H*Q"*2S"*!. In §3, we
will show that the spectral sequence (3) provides a lower bound on the size of
H,Q"5™! which will depend on the size of H,Q"*'S". In §4 we will show
that these bounds coincide.

As consequences we will obtain the following two theorems. Theorem 1.1
describes H*Q"*2S"*! in a way that relates most closely to the cohomology
algebra structure.

Theorem 1.1. For all n > 2 we have E, = E__ in the Eilenberg-Moore spectral
sequence, (1).

Theorem 1.2 partially describes the map Q! p,. If V is a graded vector
space, PV will denote the polynomial algebraon V', EV the exterior algebra,
and P,V the polynomial algebra truncated at height 2'. A sequence, I, of
nonnegative integers will be assumed to be admissible (i.e. nondecreasing) unless
otherwise stated. af will denote the first entry in 7 and w! will denote the final
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entry. We will write Q, for the product Q ,---Q,,, where Q;: H, — H,
is as in [1].

q+i

Theorem 1.2. For n>2, and n odd, Q"'p_ is the zero map. For n> 2, and

*

n even, the kernel of Q""'p_ is the subalgebra of

HQ™S"! = P(Qu,_,|al > 0,0l <n+3)

generated by the Q,1, , with I having at least one odd entry. When n =2,

the kernel of Q° p, is equal to the kernal of Sq,, (the dual of the cohomology
algebra squaring map. )

A corollary of Theorem 1.2 is the following partial description of the homol-
ogy algebra H Q"""

Corollary 1.3. When n is odd and n > 2 there is an isomorphism of algebras
H Qn+ZSn+1 ~H Qn+lSn QH Qn+2S2n+l
When n is even and n > 2, there is an isomorphism of algebras,
HQ™s"™ = mQ" e, ® P(Q1,_, | ul even ,wl < 2n),

where ul is the product of the entries in I, and Q"p‘Qltn_1 = Q,_, €
H Qn+2 S2n+l

2. AN UPPER BOUND: THE E2 TERM FOR
THE PATH-LOOP SPECTRAL SEQUENCE

In this section, we will examine the spectral sequence which appeared in the
Introduction as (1). This examination will yield an explicit upper bound on
the size of the Hilbert series f(H"Q""2S"*!). We will use this upper bound
together with the lower bound of §3 to obtain our results in §4.

Wellington [9] gives a description of the cohomology algebra H ”'QS“S"*l
sufficient for calculating the E, term of (1). We will state the theorems and
definitions from [9] that we need here. We will freely restrict to the case p = 2
and use lower notation for the Dyer-Lashof algebra. Let MnS0 be the graded
F,-module generated by the symbols Q,i,, where I ranges over all I with [
admissible (i.e. nonnegative and nondecreasing), wl < n, I nonempty, and
I not equal to a sequence (0, ...,0) of only zeros. The grading in MnS0 is

defined by treating the symbols Q,1, as if they were elements of the Dyer-Lashof

algebra applied to a zero dimensional class. Let [n] € HOQ"“S""Ll represent

the component of the degree n map, and * be the Pontryagin product. We
then have an embedding M,S° — H,Q"™'S™' given by mapping 0,1, to
Q,[11+ [—2" ]. We will identify MnS0 with its image under this embedding.
Wellington’s Lemma 1.6 then becomes the following lemma.
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Lemma 2.4 (Cohen). For n >0, H,Q3"'S™" is the free commutative algebra
generated by MnS0 modulo the ideal generated by the set {Q,x — x2} .

Give M, s° = hosz(MnSO,Fz) the structure of a restricted abelian Lie
algebra by letting the restriction, ¢, be defined by ¢x = Sq,x, with Sq, acting
via the Nishida formulae. That is, let £, Q,1, = Q, 2l (Here, we let Q, 2
denote Q,.] /ZQ,.Z 20 as long as each entry in I is even, otherwise Q, 2% is
defined to be zero.) Let VM; S° denote the universal enveloping algebra of
the restricted Lie algebra M, s°. So VM, S° is the free commutative algebra
generated by M; S° modulo the ideal generated by the set {Sq, x - xz} . The
monomial basis given by Lemma 2.4 yields a splitting j: H,Q""'S™"' — M S°.
Wellington’s Theorem 3.7 then becomes the following theorem.

Theorem 2.5 (Wellington). For n > 0 the inclusion j* induces amap ¢: VM; s°
— H*Q'S™! which is an isomorphism of algebras.

This theorem gives the explicit description of H*Qf*'S™" that we will use.

We now give suggestive names to each of the elements of H*Q)"'s™*', and
introduce some more notation that will be useful in the sequel. If I is an
admissible sequence with wl < n, I nonempty, and I not equal to a sequence
(0, ...,0) of only zeros, let u, = $(Q, 10)* (where the dual is taken with respect
to the monomial basis). For an admissible sequence, I, let &,/ be the smallest
number so that 2"/ wI > n. Hence, 2 s exactly the height at which u, is

truncated in H*Q)*'S™' . If 1 is a sequence consisting only of even elements,
we shall call I even, otherwise, we shall call I odd. Using this notation,
Theorem 2.5 becomes the following equation.

4) H‘QSHS"H =E(u;|h,1=1,1 0dd) ®;,, P,(u;| h,I =1i,I odd)

In order to calculate H*Q"*2S™*! using the Eilenberg-Moore spectral se-
quence we need to note that z,Qp"'S™' acts nilpotently on H* Q"2+
but this is true if n > 2 since 7z1£28+'S"+l = Z/2Z is a finite 2-group and
H*Q™28"*! is an F, vector space (see [6]).

The following corollary states how these remarks yield an upper bound on
H'Q™28""!  We introduce some notation here to facilitate comparing the
sizes of graded algebras. If 4" is a nonnegatively graded F, module, then our
notation for the Hilbert series for 4" is given by the following equation.

f(4%) =Y (dimg_ 4")x' € Z[[x])

i>0

Given power series f and g, we will write f < g if each coefficient in f is
less than or equal to the corresponding coefficient in g. If A is bigraded, f(4)
will denote the Hilbert series of the singly graded total module of 4.
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Corollary 2.6. Let G, be defined by the following equality:

Gn = f(TOI';;- Qprisns (Fz s Fz))-
Then,

Gn > f(H~Qn+2Sn+l) ,

with equality if and only if the spectral sequence,

*k * 2 1

Tory- groigen (Fy, Fy) = H'Q 8™,

collapses.

Note that G, may be computed explicitly from equation (4).

3. TOWARD A LOWER BOUND: THE GEOMETRIC EHP SEQUENCE

In §2, Corollary 2.6 we obtained an upper bound for f(H*Q"*2S™*") . In this
section we use the geometric EHP sequence and the action of the Dyer-Lashof
algebra to make progress toward a good lower bound. In order to complete the
computation, it will be necessary to use an induction which will be carried out in
§4. In this section the coefficients will still be F,, but we will work in homology
in order to make the formulae for the action of the Dyer-Lashof algebra more
familiar.

Our lower bound will arise from a formula for f(H,Q"*2S™') which

depends only on f(kerQ™'p,), f(H.Q"'S"), and the known quantity,
S(H,Q"s**!) | We will then give information about f(kerQ"*'p,) which
allows us to write down a lower bound on f(H,Q"*2S"*') which depends only
on f (H.Q"“S ). In §4, we will use this lower bound, together with the upper
bound of §2, to achieve our results.

In subsection 3.1, we produce the promised formula for f (H*Q"“S
which depends on f(kerQ"'p,) and f(H,Q"*'S"). In subsection 3.2, we pro-
duce the promised information about f(ker Q™! p,) which allows us to write
down a lower bound on f(H,Q"**S™*') which depends on f(H,Q"*'S").

3.1 On the homology of the geometric EHP sequence. The geometric EHP se-
quence is the fiber mapping sequence of the following fibration of spaces local-
ized at 2.

(5) S”LQS"+ILQS2”+I

n+l)

The map & can be constructed using the James model for QSX . See, for
example, [8]. This construction gives the following formula for the action of A
on homology.

6) PR

*n 12n

The map e is the suspension map. Define p: Q22! _, S" to be the fiber of
e. Then the long exact sequence in homotopy arising from the fibration (5) is
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the usual EHP sequence, with £, H, and P the maps induced by ¢, 4, and
D.

The fibration (5) gives us the following fibration, which occurred in the In-
troduction as the fibration (2).

(7 Qn+3S2n+l Qtl'p Qn+ls Qe Qn+2Sn+l

We will use the bar construction spectral sequence to analyze the fibration,
(7), to obtain a lower bound on the size of H,Q}**S™*'. The following lemma
shows that this spectral sequence collapses, and that its E°° term has a partic-
ularly simple form. In this lemma, we use the notation of [7].

Lemma 3.7. If n > 2, the bar construction spectral sequence,

(8) TOIH'Qn+3S2"+I (H‘Qn+lsn ’ F2) - H‘Qn+28n+l ’

collapses at E 2 yielding the following equality of bigraded vector spaces.
9) E® =Tor" Q”*’SZ"“\\Q"* »(F,,F,) ®H*Qn+lsn//gn+lp*
If n =2, the bar construction spectral sequence,
Tor™ %S (H,Q35? | F,) = H.QlS’,

collapses at E 2 yielding the following equality of bigraded vector spaces.

E® = Tor™ %\ (g F)g H,Q)S?//Q%),
Proof. If n>2, Q" Sz"+l is path connected and

HQs"™' = P(Q1_,|al >0,0l <n+2),
yielding the following equality.
(10)  Tor™¥"S""(H Q"™'s" F,) = Tor'™ (F,.F,)

® H*Qn+lSn//Qn+1p‘

H.Q"™3s™\\Q"'p, is a sub-Hopf algebra of a polynomial Hopf algebra.

So it is also a polynomial Hopf algebra. Hence Tor ~QOSTTINT . (F,,F,) is
an exterior algebra with generators in homological degree 1. Since the spectral
sequence (10) is a first quadrant homology spectral sequence, (10) must collapse
at E2. This proves the lemma in the case n > 2.

When n = 2, we have almost the same situation, but we must take into
account the fact that Q°S° is not path connected, so we apply the bar construc-
tion spectral sequence to the fibration (7) restricted to the components of the
base points. Theorem 2.4 gives us the following equality.

H,Q)S’ = P(Q,1,11] > 0,al > 0,w] < 4)

Qn+3s2n+l\\gn+ Do

The remarks of the preceding paragraph also apply to this situation, so the
lemma is finished. O
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Hence we see that the map Q! p, completely determines the bar construc-
tion spectral sequence for the fibration (7). In fact we see that the size of the
E® term is completely determined by the size of

kerQan‘ — H*Qg+3S2n+l\\Qn+lp* )
Lemma 3.8. For n > 2, we have the following equality.

f(H‘Qn+2Sn+1) — f(Torfl:Q"”Sz"H\\Q"“P. (Fz ’ Fz))

f(H*QnHSn) . f(H*Qn+3S2n+l\\Qn+1p')
) f(H Qn+3S2n+l)

For n =2, we have the following equality.

f(H,Q38%) = f(Torl:BENP(, F,))
S(HQS) - f(H,Q8\Q"'p,)
f(H,Q55%)
Proof. This follows from the following observations about the abelian category
of bicommutative Hopf Algebras. A short exact sequence,

F,-4—-B—-C-F,,

yields an equality,
f(B) = f(A)f(C).

Given any morphism ¢: A — B of bicommutative Hopf algebras, we have the
following short exact sequences.

F,—-A\\¢ - 4— Im¢—F,
F,» Im¢—->B—B//¢—F,

Hence
f(B)- f(4\\¢)
B =27 - WP a
1(B//9) 4
3.2 On the kernel of Q"' p, - In this subsection we produce the promised in-
formation about ker Q"' p, . This will yield a lower bound on f(ker Q! p.)
which, in light of Lemma 3.8, will give a lower bound on f(H,Q**s™").

First, we note that Q"p: Q"*2§*"*! _, Q"S" induces the zero map on ho-
mology for all n > 0 since Q"e: Q"S" — Q"*'$™*! induces a monomorphism
in homology for all n > 0. Although this does not imply that Q"*' p, induces

the zero map in homology, we do have the following lemma along the lines of
Cohen and Peterson [5].
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Lemma 39. Forall n>0 Q"'p,: HQ"™S""" - H.Q'S" annihilates all
odd dimensional primitives.

Proof. We have the following diagram in which ¢ is the map induced by the
natural projection Q)S" — QS" from the universal cover.

Qn+lp‘
_—

PH‘ Qn'+3S2n+] PH‘QS'}-ISII

q
QH‘Q'H'}SZ"H Q"*'p, QH*QSHS'I

[
+

2 Q"p.
Q'l+ S2n+l D PH

PH, o S”
= ]
+2 o2n+1 0

PH, Q"°S™ —— PH, Q8"

Furthermore, ¢ is a monomorphism on odd dimensional primitives by Milnor-
Moore [7], o is a monomorphism on odd dimensional elements by the F,
version of a theorem of Clark (see [3]), and ker ¢ is concentrated in odd degrees
(see [2]). DO

Lemma 3.9 and the Dyer-Lashof action give us the following corollary when
n isevenand n > 2.

n+l

Corollary 3.10. If n is even, and n > 2, Q
any odd entries.

Proof. Q"'p,: HQ"S** — H.QI*'S" commutes with the Dyer-Lashof
operations Q, for 0 < i< n. If n is even and I is admissible and odd with
wl < n+2 ,then I has an odd entry, i, with i < n+ 1. So we can write
Q,=0,0,0,,with J and K admissible, i/ odd, i <n+1,and wJ <i<
aK. Q"™'p,0,01,_, =0 by Lemma 3.9, hence Q"*'p 0,1, ,=0. O

p.Q1,_, =0 whenever I has

When n = 2, we have to alter the argument for Corollary 3.10 somewhat.
The structure of PH,Q0S> is more complicated than that of PH,Q"">s*"*!
for n > 2, but we will be able to get by with a crude description. Representatives
for QH, Q(S)S5 are given by the following set.

Q1= Q,11]-[-2"1]al > 0,0l < 5}

Since H,QSSS is bicommutative Hopf algebra, [7] gives us the following exact
sequence.

PHQ)S’ % PH.Q;S’ 4 QH,Q)S* 1 QH,Q}S’
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As noted in §2, the halving map # is given by the following formula.

n(Q,[1] 1=-2"p = { Q11+ [-2"] if I is even,

0 if I is odd.
Let Q7 be the a-fold iterate of the operation Q,. If Q, = 03*Q* with a; > 0
or Q, = QI'0y°05°Q,* with a, > 0, let p, be a primitive chosen so that

Q,[l]-[—2"]+p, is decomposable. If Q, = 0°Q[' 0,205 Q,* with a, > 0,
let p, be the primitive defined by p, = Q;°Q{' Q,’p,, , where Q, = 05’0y’ . If
I is even, let ¢, = Q,[1]- [—2" ]. In this notation, we have

HQ)S = P(p,|al > 0,0l < 5,1 odd)

11
(1) ® P(q;|al >0,wl < 5,1 even).

Now consider the following diagram.

PHQSS® L=, PHQ)S’=PHQ)S®
Js
QH,Q}S® 2P, QH Q)S’=QH,Q3S
(12) la |o=
PH,, Q'S’ 22, pH,_ QIS’=PH, Q'S
| !

405 0

PH,  Q'S" —— PH,_,
In the right-hand column of (12), ¢ is an isomorphism, f is a monomorphism,
and g is a monomorphism on odd dimensional primitives. Hence Qo p, iszero

on odd dimensional primitives. Hence Q’ p, iszeroonall the p, asin the proof
of Corollary 3.10. We record the preceding remarks in the following corollary.

Q)s’ = PH,, Q'S’

*+1

Corollary 3.11. QSp,p, = 0 whenever I has any odd entries. 0O

When 7 is odd we need to use the Nishida formulae to obtain an appropriate
corollary of Lemma 3.9. The following two formulae follow from [4]. If b >0
and a > 1 we have the following equality.

2b—1 b b
(13) Sq, Q:Iz = Qn+lQ:+2
If |u| = n -2, we have the following equality.

2t b b

(14) Sq- - Qn+2u = Qn+lu

We now can prove the following corollary of Lemma 3.9 which shows that
when 7 is odd the spectral sequence (8) takes a particularly simple form.
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Corollary 3.12. When n is odd and n>2, Q" 'p_ is the zero map.

Proof. Lemma 3.9 shows that when n isodd and n > 2, Q"*'p, O ol y =
for all a > 0. Equations 13 and 14 then give the followmg equalities.

n+l b a n+1 2b—1 a+b
Q p*QnHQ,H.zl,,_z =Q Sq‘ Qn+21n 2
201 ~n+l a+b
Q" 'p0

n+2n 2

=0

_Sq
=0

The lemma follows because Q"*'p, commutes with the Dyer-Lashof operation
Q, whenever 0<i<n. O

The preceding corollaries of 3.9 together with the Lemma 3.8 yield an induc-
tive lower bound on the size of H“Q"’QS"“L1 which we now explain. When n
is odd and n > 2, the following corollary of Corollary 3.12 shows that we have
an explicit formula for f(H,Q"**S"*") in terms of f(H,Q""'S").

Corollary 3.13. When n is odd and n > 2, we have
(15) f(H Qn+2Sn+]) f(T 1‘ 43 g2n+l (F2 , Fz) ® H‘QnHSn). 0

Let F, denote the common value of the two expressions in (15) when 7 is
odd. When 7 is even and n > 2, we can write H,Q"7$*"*! as follows.

HQ"™S™! = p(Qu,_, |1 even,al >0,wl <n+3)
® P(Q1,_,|1 0odd,al > 0,0l < n+3)

Corollary 3.10 states that when 7 is even, the second term of the splitting (16) is

annihilated by Q"*'p, . The following lemma shows that if Q"*'p_ annihilates
any more, then we would have a larger E* term in the spectral sequence (8).
For n even and n > 2, let F, be defined by the following equality.

(16)

F _ f(Torfinl,,_z | I odd ,al>0,w1<n+3)(F2 , Fz)) . f(H*Qn+lSn)
n f(P(Q1,_,|Ieven,al >0,wl < n+3))

Lemma3.14. If n > 2, F, < f(H,QU2S™") with equality if and only if Q"*'p,
is @ monomorphism when restricted to P(Q1,_,|I even, al >0,wl <n+3).

Proof. Let
E = Tor H.Qmsvnu\\gm (Fz ,Fz) ® H‘Qn+1Sn//Qn+lp*

be the E? term of the spectral sequence (8). This spectral sequence collapses,
so we have f(E*) = f(H Q"+2 "+1Y . From Corollary 3.10, we have

*

(17)  P(Qi,_,|Todd,al >0,wl <n+3)C HQ™s"M\Q"'p

and since H,Q"*’$**' is a primitively generated Hopf algebra, we have
equality if and only if Q"“p* is a monomorphism when restricted to
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P(Q1,_, |1 even, ol >0,wl < n+ 3). This gives,

P(Qip—2 | I odd ,al>0,wI<n+3)
S(Tor, @2l odtalb0 el g, g.))

S f(TorfI:Qn+3S2n+l\\Qn+|p. (F2 , Fz)) ,

(18)

with equality if and only if Q! p, is a monomorphism when restricted to

P(Q;1,_,|I even, al > 0,wl < n+3). The inequalities (17) and (18) together
with Lemma 3.8 prove the lemma. 0O

As usual, we must alter the argument somewhat when n = 2. Here, using the
notation of (11), an argument almost identical to that of Lemma 3.14 yields the
following lemma. Let F, be defined by the following equation, where |5 =0.

s £ _ JE(@]lal >0,01 <5,10dd)® H,Q)S*® E(n))
(19) 2 f(P(g,]al >0,wl < 5,1 even))

Lemma 3.15. F, < fi (H_Q4S3) with equality if and only if Q! p, is a mono-

*

morphism when restricted to P(Q,1, ,|I even, ol >0,wl < n+3).

Note that, since Q?,S2 is homotopy equivalent to QSS3 , F, is an explicit
power series that depends only on H,‘Qf)S3 .

4. THE INDUCTION

In this section we show inductively that, for n > 2, F, = G, where F, and
G, are as in Corollaries 3.13 and 2.6 and Lemmas 3.14 and 3.15. In view of
these lemmas, when these two power series are equal their common value is
S(H,Q"5"*!) | and the Eilenberg-Moore spectral sequence which appeared as
(1) collapses. This allows us to write down a formula for F,_,, and thus to
continue our induction. The proof proceeds in three steps: the even case, the
odd case, and the start of the induction. These three steps are achieved by the
three lemmas of this section. When n = 2, the argument is a straightforward
but somewhat complicated counting argument. In the cases n > 2 the argument
is a straightforward but somewhat complicated counting argument that relies on
the formula for f (H,_QSJ"S”) which was achieved at the (n — 1)th stage of the
induction. The argument is simplest when »n is odd because Q"*! p, is the zero
map when 7 is odd as was shown in Corollary 3.12.

We will start with the case n» > 2 and n even, because in this case the
arguments are the most difficult. Throughout these arguments, it should be
kept in mind that in the homology bar construction spectral sequence, total
degree is given by the sum of the homological and internal degrees, while in the
cohomology Eilenberg-Moore spectral sequence, we must either let homological
degree be nonpositive, or we must take total degree to be the difference of the
integral degree and the homological degree.
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Lemma 4.16. Suppose that n is even and E, = E_ in the Eilenberg-Moore
spectral sequence below.

(20) Tor}y- gus(Fy , F,) = H'Q™'8"

We then have F, =G, .

Proof. In order to prove the lemma, we will provide simple systems of gener-
ators for the algebras associated to F, and G,, then we will produce degree
preserving correspondences between these sets. This will show that F, = G,
because if V' is the vector space generated by a simple system of generators
for some algebra A, we have f4 = fEV . Let % be the set of all admissible
sequences I, with I odd, af > 0, and wl < n+ 2. The inductive hypothesis
gives the following formula for F, .

* %k — y
21 F = f(TorH'QSS"(FZ Fy)) - f(TorfiQ" 11 )(Fz ,F,))
- " f(P(Q,_,|Ieven,al >0,wl <n+2))

First we simplify our formula for F,. A simple system of generators for the
algebra Tor}. .. (F,,F,) is given by the set
0

=1 2"n—l’_

{[uI]ayp[u?h” ’_Ilul l]|co1 <n,I Odd}

A simple system of generators for TorfiQ""‘2 7 E‘5’;)(F2 ,F,) is given by the set,
{1Q1,_,1II € &} . A simple system of generators for P(Q,1,_,|I even, al >
0,wl < n+2) is given by the following set.
(22) {Q1,_,11even,al >0,wl < n+2}
We have the following equality for I = (i;,i,,...), al =i, >0, and wl <
3+1.
a

|Q0Q211,,-2| = |Y2a+|[u1’]|
In this equality, I' = (i, = 1,i, - 1,...,wI - 1,%) and u, is defined even
when I' is even by u, = (u, /(2,))2’ with I'/(2") odd. This sets up a degree
preserving correspondence between the set, (22), and the set,
(23) {y2:[u1|u]]|w1 = %})
which is equal to the set,

hnoy1=1  hn_ 1=

{yz,[ui |u; I]|i >0,wl < n,2h wl = n,I odd}.

This allows us to write F, as the Hilbert series of the exterior algebra generated
by the union of the following graded sets.

n—ll

(24) {[u,]|wI < n,I odd}

Shn_ri=1 ghy_yI=1 byl
(25) {vlu; |u; i >0,0l <n,2" " wl #n,I odd}
(26) {10;"'Q,1,_,11i > 0,1 even}

(27) {1001, ,11i > 0,1 odd,al > 1}
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G, is the Hilbert series of the exterior algebra generated by the following graded
set.

2h,,l—
(28) {[uI] > yzi[u]
We will be done when we have exhibited a degree preserving correspondence
between these two sets. In order to present this correspondence, we need to
compare h,I with h,_ I. When wl =n, h,_,I is not defined. When wl <

n, h,I=~h,_ I, unless there is some power, 2/ , of two such that 2wl =n.

Necessarily, if this is the case, we have j =h, I and j+1=~h,I. In light of
these remarks, rewrite the set (28) as the union of the following sets.

I 2hnl—l .
lu; 1l odd,wl <n,i>0}

(29) [u,]| oI < n,I odd}
1

hnl— gl —

(30) a2 2T > 0,0 < n, 2wl # 1,1 0dd)
2l 1

hnl=1  ahpl—
(31) {}'2,-[u2 I |u§ I I]|i >0,0l<n, 2" wl=n,I odd}
(32) {75[u,11i 2 0,wI = n}.

Certainly, there is a degree preserving correspondence between the sets (24)
and (29). Similarly, there is a correspondence between the sets (25) and (30).

Suppose now that I = (i,,...,i,,wl) with -lor = M1 Yr = 0. Let
I'=@""i+1,..,2" 0 +1),and 1" = @i 42,0, 200 4 2).
Then we have the following equalities of degrees.

zhnl—

2 1 = 110,01,

These equalities yield a correspondence between the sets (26) and (31). For any
I with oI =n, I odd,and I =(i,...,i, ,wl),let I'= (i, +2,...,i,+2).
Then we have,

|y2" [u]" = |[Q;Q1’ 1,,_2:” ,

yielding a correspondence between the sets (27) and (32). These equalities
complete the correspondence, so we are finished. O

Lemma 4.17. Suppose that n is odd and E, = E_, in the Eilenberg-Moore
spectral sequence below.

ok * ~n+1 ~n
(33) T°’H‘Qg$~(Fz JE)=>H Q'S
We then have F, =G, .
Proof. If the spectral sequence of equation (33) collapses, then we have,
(34) F, = f(E([Q1,_,)lol <n+2,al >0)) -f(Tor;;.Qgs,,(Fze)).

If nisodd, h,I=h,_,I forall I with o/ <n-1 and h,I =1 for I with
wl = n. Hence we have

(35) H' Q™" = H'Q"S" ® E(u,| 0, = ).
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Comparing equation (34) with equation (35), we see that to finish, all we need
to show is

(36) SEQ, ol <n+2,al >0)) = f(Torg, |,/ (F,,F,)).
This follows since we have the following equality of degrees.
107 - Q3L )l = 7y, [u |
Here we have Qv = Qélgf . ..Qf;"”“ . Hence the proof of Lemma 4.17 is
complete. 0O
Lemma 4.18. The Eilenberg-Moore spectral sequence,
Toryy- ques(Fy, Fy) = H'Q'S”,
collapses.

Note that when n =1 the Hopf map S* — §? induces a homotopy equiva-
lence Q°S’ = Q’S®. This gives us explicit formulae for both F, and G,. The
calculations in §2 apply when n = 2. So formula (4) implies that the following
sets comprise a simple system of generators for the algebra

Tor,- ap5:(F2.Fy).
(37) {7 [u,11Q; = 07’01 05’ 4, ,a, > 0;j > 0}
(38) {[u]”Q[ = ng ‘:l »ap > 0}
2,2 .
(39) {72/[u1lu1]|Q1 = ng tlzl »a; > 0,j>0}
Since |(w1)2| = |qy|, and I is an admissible sequence with o/ > 0 and

wl < 3 exactly when 27 is an even admissible sequence with a(2/) > 0 and
w(2I) < 5, we may rewrite equation (19) as follows.

F, = f(E(lp,)lal > 0,wl < 5,1 0dd)
® E(w,|al > 0,wl < 3)® E(n))

A simple system of generators for the algebra,
E(lp,)lel > 0,wI < 5,1 0dd) ® E(w,|al >0,wl < 3),

is given by the union of the following sets.

(40) {lp,]1Q, = Q1' 0703 Q4 sa, > 0} U {n}
(41) {w,|Q, = 0]'0y ;a, +a, >0}
(42) {[pI]lQl = ‘111 ng 24 y a4, > 0}

We note that there are dimension preserving correspondences between the
sets (37) through (39) and the sets (40) through (42), respectively. Hence F, =
G, so, by Lemma 3.15 and Corollary 2.6, we are done with thecase n=2. O
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As consequences we obtain Theorems 1.1 and 1.2. To see how Corollary 1.3
follows, note that the bar construction spectral sequence

H. Qn+3S2n+l

Tor (F,,F,) = H Q" s

>k

Qn+1

collapses for all » > 2, and that we must take Qg" - Q,1,_, to represent
[QF° - Qi1 _,]. The diagram below commutes.

Qn+3S2n+1 = Qn+3S2n+l

s

Qg“S” PQn+2SZn+l

e

!
Qg+25n+l Q"*'h Qn+2S2n+l

This diagram induces a map,

H.Q"+3SZ"“ Qn+3s2n+l

>k

Tor (H,Q"'S" F,) - Tor: (F,,F,),

so no matter what representative in H, Qg"LzS"+l we take for the element,

n+3 Q2n+
[0,1,_,] € Tor™ """ (H Q"*'s" F),
(with I odd if n is even) it must map to Q,1,_, € H,Q""*S™*" where I
and I' are related by the following equalities.

a a, a a
Q=0 Qs Q=00 0

Hence we obtain Corollary 1.3.
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